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Abstrat
We study the eletri properties of single-stranded DNA moleules with hairpin-like shapes in
the presene of a magneti ux. It is shown that the urrent amplitude an be modulated by
the applied eld. The details of the eletri response strongly depend on the twist angles. The
urrent exhibits periodiity for geometries where the ux through the plaquettes of the ladder an
be anelled pairwise (ommensurate twist). Further twisting the geometry and hanging its length
auses omplex aperiodi osillations. We also study persistent urrents: They redue to simple
harmoni osillations if the system is ommensurate, otherwise deviations our due to the existene
of losed paths leading to a washboard shape.
PACS numbers: 85.64.+h, 73.23.-b, 05.60.Gg
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Introdution. Reently, ondution properties of moleules have been intensely investi-
gated. This has been fueled by a strong motivation to replae semiondutors with moleules
that an save manufaturing expenditure due to their self-assembly properties. One of the
signiant steps towards moleule-based eletroni devies has been made through DNA
ondution measurements. Superondutivity was observed, but was supposed to be due to
the proximity eet of the superonduting leads [1℄. A random base sequened DNA was
shown to behave as an insulator [2℄, whereas the homogeneous poly(G)-poly(C) moleule
have a large gap in their urrent-voltage (IV) harateristis [3℄. Also, Ohmi behavior of
DNA ropes was studied by Fink et al. [4℄.
On the other hand, in small systems where the phase oherene of eletrons an be main-
tained, quantum interferenes play a key role in determining the harateristi properties.
Indeed, a large number of devies that have been proposed, suh as swithes and transistors,
are based on the wave nature of eletrons [5℄. One way to observe the interferenes in a
ontrollable way is to apply a magneti eld. It omes into play when the systems an
aommodate non-simply-onneted paths; the presene of the ux tube gives a phase shift
in the wave paket of the partile and hanges the interferene pattern[6℄.
Despite abundant literature on DNA ondution, less attention has been paid to the
existene of interferene eets in this system. Moleules however have a huge variety in
their strutures allowing for dierent interferene events. For instane, in a double stranded
DNA, base pairs wind about the helial axis, whih an be modelled as eletrons travelling
on a twisted ladder-like struture. When a magneti ux is present, there exist trajetories
enlosing a nite ux, whih may aet the physial properties of the system. Furthermore,
if one onsiders single stranded DNA or RNA, one may observe even more interesting ge-
ometries with loops and bulges. The purpose of this paper is to eluidate the eets of
interferene on the eletroni properties of these moleules. As a minimal model, we on-
sider a hairpin-like struture in the presene of a magneti ux, as depited in Fig. 1. The
bases are oupled to eah other via eletron hopping and Coulomb repulsion. For simpliity,
we onsider them as idential exept for the hopping onstants. We evaluate the urrents
through the strutures when they are oupled to eletron reservoirs. The magneti ux
applied to the system is shown to modify the urrent amplitude. It is also shown that the
harateristis depend on the twist angles. For a geometry where the uxes through the
plaquettes of the ladder are anelled pairwise (we refer to it as ommensurate ladder), the
urrent osillates as a funtion of the ux through the loop in units of ux quantum f , with
2
period f = 1, as in a single-loop [7℄. Twisting the geometry or hanging its length hanges
the periodi osillation into omplex aperiodi ones. We have also evaluated the persistent
urrents (PC) of the system [8℄ whih with a ommensurate ladder behaves as that of a
single loop. For an inommensurate ladder, non-vanishing ontributions are built-up by the
losed paths embraing the ladder, leading to washboard-shaped PC.
System. We assume that the system is desribed by a Hubbard-type model for spinless
fermions [9℄:
H =
∑
〈i,j〉
[tijc
†
icj + Uijninj + h.], (1)
where ni = c
†
ici with ci the operator annihilating the Fermioni partile at site i, and
the sum is over the nearest neighboring pairs. This eetive Hamiltonian was used to
explore the ondutane gap observed in the experiments of ref.[3℄ and the gapless states
in the engineered DNA [10℄. Partitioning the hairpin into C(hain), L(adder), and R(ing)
setors (see Fig. 1), we assign the hopping parameters along the ontour as follows:
tij =


t‖ for i− j = ±1, (i, j) ∈ C
t‖ exp(±2πif) for i− j = ±1, (i, j) ∈ R
t‖ exp(±2πiθi) for i− j = ±1, (i, j) ∈ L
C
−θ
θ
θ −θ
+ −
θ
θ
θ
θ
+ +R
L
unfold
FIG. 1: Shemati piture of a hairpin-strutured single-stranded DNA where bases are paired in
the L(adder) setor, unpaired in the R(ing) and in the side C(hains). The right gures are shown
to illustrate eetive-ux ongurations in the ladder with the twisted rung-bonds.
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In addition, the ring hoppings in the ladder are haraterized by
ti<j = t⊥ exp(2πif) (2)
and ti>j = t
∗
i<j with i and j satisfying i+ j = NC + NL + NR + 1 with NC,L,R the number
of sites in the hain, the ladder, and the ring, respetively.
Here the phases aompanying the hopping integral are due to the presene of the thread-
ing ux f and are dened as tij = t‖e
iAij
with Aij = (2π/Φ0)
∫ j
i
A · d~ℓ. For our system,
the phase fator in the ring takes a simple form as Aij = 2πΦ/NRΦ0 ≡ 2πf/NR with Φ
measuring the total ux through the ring in units of the ux quantum Φ0. The magneti
ux penetrating the unit ell in the ladder introdues the phase fator θi given by
θi = SiBa
2/Φ0 (3)
where a is the eetive path length between bases, Si is the fator aounting for the area
variation along the sites due to the twist of base:
Si =
1
2
[
cos
(
2πi
T
)
+ cos
(
2π(i+ 1)
T
)]
, (4)
and 2π/T is the twist angle that an be varied from sample to sample, for example, by
hanging the amount of added gyrase during preparation. Relating the magneti uxes
through the loop and the unit ell of the (attened) ladder through the area ratio γ =
4π/(NR + 2)
2
, we dene θi = γSif .
Let us onsider the ase of strong Coulomb repulsion where the ground state of the system
at half-lling ontains harge density waves 〈ni〉 = (1+∆cos(πi+ψ))/2. At low temperature
(U/kBT ≫ 1), one an safely onsider the mean-eld version of the Hamiltonian
HMF =
∑
〈i,j〉
[tijc
†
icj + h.] + U˜
∑
i
cos(πi+ ψ)ni, (5)
where the renormalized strength of the repulsion is given by U˜ = U∆. Therein, we have
made the asumption that the repulsion between bases in pair in the ladder is negligible and
ψ is onstant over the system. If this is not the ase, an intriate point arises; speially,
when NR is odd, the density waves must be distorted and have abrupt spatial hanges in
ψ, giving rise to a kink (or a soliton). The existene of kinks and their dynamis in an
odd-numbered ring an be another problem of interest. However,for the sake of simpliity,
we leave it for future studies.
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Transmission and urrentsLet us now study the physial properties of the system by
evaluating its eletri ondutane. To this end, we onsider eletrodes oupled to the system
as in Fig. 1, introduing the self-energy orretion Σ
lead
on the edges of the hain as
Hc = Σ
lead
(c†1c1 + c
†
NcN). (6)
There is in fat some energy dependene in Σ
lead
but onsidering the bulky eletrodes mostly
used in experiments, we regard it as energy independent and idential for both eletrodes.
Evaluation of the Green funtion of the system, G(E) = (E −HMF −Hc− I0
+)−1, leads to
the transmission oeient t from the left to the right lead as [11℄
t(E) = TrΓℓG(E)Γr (7)
where the oupling matries are given by Γℓ(r) = Im(Σ
lead
)δℓ(r),1(N). The orresponding
urrents driven by the nite voltage bias are obtained by the Landau-Büttiker formula [12℄
I =
∫ ∞
−∞
dE[f(E − µℓ)− f(E − µr)]|t(E)|
2, (8)
where f(E) is the Fermi-Dira distribution funtion, µℓ and µr are the hemial potential
of the left and right leads respetively, the dierene of whih is ontrolled by the applied
bias voltage V as µℓ − µr = eV .
Figure 2 displays transmissions and urrents for the two ongurations (see the upper
panel), the ladder and the hairpin with their ends oupled to external leads. The trans-
mission windows for the hairpin gets narrower than that for the ladder, due to the smaller
number of bonds. For the ladder, when magneti elds are absent, the IV urve agrees with
the IV harateristis for the homogeneous poly(G)-poly(C) moleules with a large gap [3℄.
When a magneti eld with a strength f = 0.5 is applied, the urrent is suppressed. This is
also the ase for the hairpin, with a dierent degree of suppression.
To see how the magneti eld alters the urrent amplitude, let us x the voltage bias, for
example, V = 0.3 eV and V = 0.4 eV for the hairpin onguration of Fig. 2. Figure 3 (a)
demonstrates how the orresponding urrents osillate with varying ux. Here we present
three urves for a given voltage, eah one for a dierent twist angle. The interesting feature
is that for T = 10 (solid lines) the osillation is periodi with period f = 1. On the
other hand, osillations are not omplete even until f = 2 for the ase T = 10.5 (dotted
lines) and T = 11 (dot-dashed lines). One an also notie that for T = 10, the urrent
dips are loated at the multiples of f = 0.5. Taking other twist angles moves the dips.
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This twist-angle dependene an be understood as follows: Consider the area fator Si.
The ux through a losed path cj in the ladder is given by
∑
i∈cj
Si ≡= S
(j)
. For the
hairpin onguration (NC = 4, NL = 16, T = 10), every path ck has its respetive ounter
path cj in suh a way that pairwise anellation of the ux ours sine S
(k) = −S(j).
Consequently, the ux through the ladder gives null eets. In that ase, in terms of the
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FIG. 2: The transmission vs energy (lower panel) and IV urves (upper panel) for the ladder and
the hairpin (see the shematis in the upper panel). We take 30 base pairs for the ladder, and
NC = 4, NL = 14, NR = 8 for the hairpin, and T = 10. The band parameters used throughout this
paper are t‖ = 0.2 eV, t⊥ = 0.1 eV, U˜ = 0.2 eV . The dotted urves are for f = 0 and the solid
urves for f = 0.5.
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FIG. 3: The urrent vs magneti ux at a given voltage bias for hairpins in dierent ongurations
with Nc = 4: (a) NL = 14 and NR = 8; (b) NL = 30 and NR = 14; () NL = 30 and NR = 26 with
T = 10 (solid lines), T = 10.5 ( dotted lines), and T = 10.5 (dot-dashed lines).
magneti ux, the geometry is topologially equivalent to that of a single loop onneted to
the eletron reservoirs (see Ref. [7℄): The transmission of this onguration has been shown
to osillate with period f = 1. When twisting the struture slightly out of the ommensurate
onguration (for example, T = 10.5), suh a perfet anellation does not our, leading
to omplex aperiodi osillations (within the ux interval). One an also expet that adding
more plaquettes must yield similar features. In Fig. 3 (b) and (), doubling the size of the
ladder, we plot the urrents at V = 0.4 eV. Neither of the twist angles leads to periodiity.
Also, the urrent enhanement by nite ux 0 < f < 0.5 an be notied. Let us here give
an order of magnitude of the strength of the magneti eld for the eets to be measurable.
For small loops with radius 50 (orresponding approximately to 8 bases), in order to ahieve
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FIG. 4: The persistent urrents vs ux: The upper panel shows the PC of the hairpins (NC =
4, NL = 14) with dierent number of bases in the loop, NR = 6 (solid line), NR = 8 (dashed line),
NR = 10 ( dot-dashed line), and NR = 12 (dotted). While the osillation is periodi in f , the
amplitude dereases as the loop size inreases. In the inset, we show that the urves oalese when
using a saling Ipe
0.56NR
. The lower panel displays simple harmoni osillations of PC for NC = 4,
NR = 6 and NL = 14 (solid line), obtained by hanging the ladder size NL = 18, 22, 26 ( dotted,
dashed, dot-dashed, respetively). The inset shows the ts aording to Eq. (12) for NL = 2 and
NL = 4.
f = 0.5, one needs elds in the range of thousands of Tesla. Considering that at present
the maximum eld strength is about 100 Tesla [13℄, it would be easier to realize a larger
loop. In Fig. 3 (), we take 24 bases in the loop, making the area about ten times bigger
than that in Fig. 3(a). Even if the eld strength an be in the realizable range, the eets
remain still signiant and are not washed out by the enlarged loop-size.
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Persistent urrentsNow we evaluate the persistent urrents when the system is isolated.
This allows to assess how muh the magneti elds alter the energy levels (whereas the
magneti-ux eet demonstrated above mixes the inuene on wavefuntions and on the
energy spetrum). This beomes lear when writing the Green funtion in an expansion of
eigenfuntions:
G(x′, x;E) =
∑
n
ψ∗n(x
′)ψn(x)
E −En − Σ(E)
, (9)
leading to the transmission oeient given in Eq. (7): Here the magneti ux aets not
only the energy spetrum En but also the wavefuntion ψ(x). Let us take a simple example
for understanding persistent urrents. Consider a ring of radius R threaded by a ux φ
(in units of the ux quantum Φ0). The angular momentum of free eletrons traveling on
the ring is shifted by the magneti ux as 〈n|L|n〉 = ~(n + φ) with 〈n|A|n〉 denoting the
expetation value of an operator A in the nth eigenstate. The energy eigenvalues are then
given by En = ~
2(n + φ)2/2mR2. At zero-temperature, the evaluation of urrents in the
ground state is straightforward
Ip = −
∑
n
e
2πR
〈n|v̂|n〉 = −
e
2π~
∑
n
∂En
∂φ
, (10)
where v̂ is the veloity operator, and the sum is over all the oupied levels, n =
0,±1, . . . ,±(Ne/2−1),−Ne/2 for an even number Ne of eletrons and n = 0,±1, . . . ,±(Ne−
1)/2 for odd Ne . It is lear that the ground state arries urrents so that if dissipation is
absent in the system, the urrents keep owing, and are thus named persistent urrents.
The urrents osillate with the magneti ux with a period of φ = 1, and their ampli-
tudes derease as 1/R. When band gaps are present in the system (due for example to
Coulomb repulsion or oupling to lattie distorsion), the persistent urrents are suppressed
exponentially with inreasing R[14℄. In this ase, one has
Ip = (−1)
NeI0e
−αR sin(2πf) (11)
with α = 0 for vanishing gap. Here the sign of the urrent depends on the parity of Ne[8, 14℄.
Our system (a loop oupled to a ladder) has a number of losed paths or rings, with
dierent areas and sizes. There are ontributions of persistent urrents from all the rings,
and therefore, Ip =
∑
i Ii, where Ii denotes the urrent owing in the i-th ring of size Ri,
enlosing the ux fi. We rst evaluate the persistent urrents in the hairpin with Nc = 4
and NL = 14 where the magneti uxes through the ladder plaquette eetively anel one
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another (see the upper panel in Fig. 4). The urrents behave as those of a single loop; note
that the sign of the urrent hanges with the parity of Ne (we onsider half-lled systems).
Furthermore, inreasing the number of bases dereases the urrent amplitude. Following the
nite size saling in Eq. (11), all the urves are shown to be merged into a single one (see
the inset). Adding more plaquettes auses a deviation from a single-omponent sinusoidal-
urve (see the upper panel in Fig. 4). Sine larger rings die out exponentially , taking paths
enlosing up to two unit-ells, one obtains the approximate form of the urrents as
Ip ≈ Ir sin(2πf) +
∑
i
Is,i sin(2πθi) +
∑
i
Id,i sin(2πφi), (12)
where θi is the ux through the ith plaquette of the ladder, and φi is the sum of two
neighboring θi's. For hairpins with a few plaquette in the ladder, Eq. (12) perfetly ts the
numerial evaluations (obviously, for a hairpin with a single plaquette, the above expression
is exat).
Summary and Remarks We have demonstrated how a magneti ux ould inuene
the eletroni properties of moleules with a twisted hairpin-like shape. The urrent has
been shown to osillate with ux hanges. Geometry fators suh as twist angles and the
number of rungs of the ladder play a ruial role in determining osillation patterns. We
point out that there exists geometries where the ux through the ladder vanishes, so that
the sole ause for the osillation is the ux through the loop. For that ase, the urrent of
the ladder ressembles that of a ring. Twisting the geometry brings about omplex aperiodi
osillations. These osillations are also reeted on persistent urrents. The non-vanishing
ontributions of the losed paths embraing the ladder leads to washboard-shaped persistent
urrents.
We should note that the above mentioned results were predited under the assumption
that eletrons preserve their initial phase in their propagation. Therefore, maintaining phase
oherene is ruial in experimental observations of these phenomena. The phase oherene
is strongly aeted for example by temperature (or generally speaking, oupling to the
environmental degrees of freedom). For DNA moleules for whih ondution properties
are measured at room-temperature, phase oherene an still be traed. However, nite-
temperature eets ause utuations in the struture. Even if the eet is small, the
plaquette areas as well as the phases due to the ux beome randomized. This addresses
the issue of (weak) loalization that will be onsidered in a future work.
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